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0. INTRODUCTION

It is well known (e.g., [8;15]) that classical Bernstein polynomials,
generalized Bernstein polynomials, Baskakov operators, and other similar
operators approximate a function f with order O(1/n) provided the derivative
f' belongs to the class Lip 1 and satisfies a certain growth condition in case
of an unbounded interval. These operators are discrete, linear, and positive.
More precisely, they are of the form

Ffix)y=Xf (J;) Pinlx),  SECW), (0.1)

where 1< R denotes throughout an interval, and the functions p;, satisfy
Pin(x) 20, x€L jEZ, n € N. More generally, the above order of approx-
imation holds if {p;,(x)};2 . is the n-fold convolution of a probability
lattice distribution with expectation x (see also [1;4; 11, Chap. 7; 17]).

To increase the rate of convergence (provided f is sufficiently smooth) we
mention two methods. By forming suitable linear combinations of operators
F, (e.g., [14]) or by taking iterates of Fejér—Korovkin type for F, [10; 12]
the approximation order becomes O(rn~") when f € C,(I), r € N. But for
r > 2 the resulting operators are no longer positive.

Recently Butzer and Wehrens {6], and Swetits and Wood |16], among
others, have derived discrete, positive polynomial operators of Bernstein type
for approximating continuous functions on [—1, 1]; these operators are of
the form

L= fGa) ) JECI-LIL ©2)

¢;.,, being positive polynomials on [—I, 1|. They showed that the
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GENERALIZED FAVARD OPERATORS 385

corresponding saturation order is 1/n*. Despite the advantage that L, is a
polynomial operator it should be pointed out that (0.2) involves the zeros
X 5, € [=1, 1] of the 2nth Legendre polynomial and Cotes numbers, quan-
tities which can be computed only approximately. This is due to
discretization of an integral operator by means of the Gauss—Christoffel
quadrature formula.

In this paper we construct a discrete and positive operator (on C(R)) of
type (0, 1), using equidistant nodes j/n, j€ Z, and for p, the “discrete
Gaussian kernel™

=)’

1
gin(x) = ———cex ( ————),
! /27 no P 2”2‘7,2:

n

0.3)

JEZ,nEN, x€R, o, >0. This choice is suggested by Favard’s approach
[9] of discretizing the singular integral of Gauss—Weierstrass

W(f;x;0):= : [O@ f()e " d, 6>0 (0.4)

Voo e

by means of
Fi0 =7 (L) gut ©3)

with 62 = A/2n (4 being a positive constant) which is also its approximation
order [2;3]. Therefore we consider the generalized Favard operator (0.5),
allowing o2 to be a more general null sequence. Using a functional equation
for a certain theta series (e.g., [7,pp. 63, 64; 5,p. 126;3]) we obtain the
central result of this paper giving the asymptotic relation

Mﬂvﬂ son =32

xeR (0.6)

for f€ C,(R) with a suitable growth condition. It turns out that except for a
constant factor the choice o2 = log n/n’ is best possible in (0.6). Moreover,
(0.6) holds for the truncated version of F,(f; x), namely,

1 - (= nx)’
* : == ‘ — -
FEUi) im e Ij_;x_mf(n Jew (- L5H), o)

where no, \/log 1/0, = o(c,), thereby showing that O(c}) is the saturation
order for F, and F¥* (Section 2). In the case ¢ = log n/n’ a comparison with
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the polynomial operator (0.2) shows that the computation of the finite
exponential operator F¥ requires “(log n)' *¢ terms” asymptotically (¢ > 0)
and the approximation order differs by a factor log n only. On the other
hand, it is not difficult to see that the order of approximation by means of
general positive operators of type (0.1) cannot be made better than O(1/n?)
in a certain sense (Section 1).

In addition we prove a saturation theorem for the operators in question
(Section 2).

1. PRELIMINARY RESULTS

In this section we collect some auxiliary results. First consider the general
positive operator (0.1) and suppose that F, maps C([) into itself. Then it is
known from the general theory of positive linear operators that the approx-
imation of continuous functions is governed by the “central moments,”
defined by

Fon(¥) = Fo(13x) = 1= 3 p(x) — 1,
! . . (1.1)
ron(X) = F,((t = x)"; x) =§: (—il-—x> Pin(x) xel, veN

J

(e.g., |8, Chap. 2]). Assuming the existence of the sums in (1.1) at least for
v=0,1,2, we prove ([x] denotes, as customary the largest integer not
exceeding x).

LemMA 1. (i) If sup,, 1, ,(x) is finite for v=0, 2, then
1 1/, 1
W ral) > g (‘ A (f +7)))
(I/mG+ 1/ el

(ii) The particular choice (I =R)

nx — [nx], Jj=|nx]+1
Pin(x) = Pjn(x) :={ 1 — nx + [nx], Jj=[nx]
0, otherwise

gives ry (x)=r, (x)=0 and

1
R ) =g
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Proof. (i) For every n € N there exists a real number x, € I such that

>—, forall jeZ: (1.2)

€.8., X, .= (m + 1/2)/n € I satisfies (1.2) for suitable m € 7. Hence we have,
since p;, > 0,

1
leggrz.n(X) ypeid Pm(xn)

Xn€

1 1 1
=— (1 - ).
el (SR S G 1)

(1I/ymy(m+1/2)er

(ii) The relations ry ,(x) =r, ,(x)=0 are trivial and

J N -
SUp 13 4(x) = Egg; (7—X) Pjnlx)
1 w1
=7 max (nx — |nx] — (nx — [nx[)") = ant
It is known from the general theory of approximation by positive linear
operators that the quality of approximation of continuous functions is deter-
mined by the largest of the quantities r, ,(x), v=0,1,2 (e.g., [8, Chaps.
2, 5]). Hence part (i) of Lemma 1 indicates that the approximation order of
the operators (0.1) in general cannot be better than O(l/n*) provided
r,.(x)—>0 as n— o0, v=0,1,2, and the function f is not linear (compare
also Theorem 2). In many cases we have r, ,=o(r,,) as n—> o, v=0,1
and therefore the order of approximation is given by r, ,. In the classical
examples mentioned at the beginning of the Introduction r, ,(x)=r, ,(x) are
even=0.) The particular choice p;,= p;, in Lemma I(ii) leads to an
operator of type (0.1) having the saturation order

(o= [nx])(1 = nx + [x])

with maximum 1/4n?. Thus the sequence Pjn(x) leads to an optimal operator
(0.1) in the sense just indicated, but for obvious reasons the functions p;, are
desired to be “smooth” and “elementary.” To this end in the sequel we
extend Favard’s approach of discretizing the singular integral of
Gauss—Weierstrass (0.4) and consider the case p;, = g;, defined in (0.3)
which leads to the operator F, in (0.5).

Using a well-known functional equation and the Fourier series expansion

640:34-4.5
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of a certain theta series we start with the identity (e.g., [5, p. 126; 7,
pp. 63, 64; 3])

u 1 - (.I'_ nx)z
N -\

S gin(x) = > exp (— )
7o Vvnno, -« 2n’a,

N e—anuznZa}, e2ru'v.tn

0
=142\ e ¥ co5(2mvxn). (1.3)

Further we put
b, :=exp(—2n’n’a? (1.4)

Differentiating (1.3) with respect to x the following estimates for the
moments r, , defined in (1.1) are readily verified.

Lemma 2. Ifo,> 0 for n > ny, then

2b, dnnalb,
IrO.n(x)l g l _bn L) |rl.n(x)l (1 b )2 ’
b, (1+b,)
__ 2 2 4 n n
l"z,n(x) o \ n |r0 n(x)l + 87[ (1 _ bn)B

Jor all x € R and n > ny. Furthermore we have
ry.x)=0(0, + n'oyb,),  n- oo,
uniformly in x € R provided o, — 0, but no,— 0.

Actually a refined inspection of (1.3) and its derivatives shows that except
for constants the estimates in Lemma 2 are asymptotically sharp. But the
results in its present form are sufficient for our purpose.

Looking at the Bohman-Korovkin theorems [e.g., [8.Chap.2]) we
demand r, ,(x)—» 0 as n— o0, v=0, 1, 2, in order to have uniform approx-
imation on compact intervals. By the first part of Lemma 2 this forces ¢, — 0
and no, — o as n— oo. To obtain a good rate of convergence r, ,, r, ,, and
r,., nearly have to be of the same order of magnitude. Under this postulation
we choose 62 as

., logn

= 1.5
Gri=—5 (1.5)
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leading below to a rate of convergence being optimal in the sense just
indicated. (Taking into account multiplicative constants the choice ¢ =
log n/n’n* would be optimal.) We exhibit this case by specializing Lemma 2.

LEMMA 2'. If 0} =d. = log n/n?, then

3 13logn
,rO,n(x)lg?;T’ 'rl.n(x)'< nZn-+l ’

81log’n

x T
nth +2

log n
nZ

rZ.n(x) -

for all x€ R and n > 2; moreover

log* n
r4.n(x)=0( n® )

uniformly in x€R as n— .

Next, we estimate the discrepancy between F, and FF (see (0.3), (0.5),
and (0.7)). In the sequel suppose that {c,} is a sequence of positive numbers
satisfying

Ca

ho

=:q,] 0, no,T . (1.6)

n

Further we introduce the truncated moments by (x € R)

rea) =FRLx)~1= 3 g1 (1.7)
lj—nxi<cy
and
a0 =FH@-0i0= S (Lox) g, ven, (8)
lj—nxl<cy
and prove

Lemma 3. (i) Suppose that a,>0 and (c,— 1)/no,>\/2 for n>n,.
Then we have for x€ R and n > n,

2b \/7 no 1 e, —1)?
* n - n —— (= =:
IrO,n(x)' < 1 ﬂb" + TC,— 1 exp ( 2 ( na ) ) i

n

4nno’b /2 1 (e, —1)\?
. nbn < I . —_
|rl,n(x)] <—(1 ——-bn)z + - g, €xp ( > ( no ) ) -ﬁn’

n
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2 2p b(1+b,)
* _ 224 4
|r2,n(x) U| b +8 (l_b)J
N /: (__~+ ne, Iofe,— 1\
N7 o no, Cn—l)exP(”T(no,,))_'}"’
and

r¥ (x)=0(g}) holds uniformly in x € R,
as n— o, provided ¢, — 0.
(il) Assume that f R — R satisfies the growth condition
I <M, xeR, (L.9)

for some constants M,K>0. Then for all n, with o,>0 and
(¢, — l)/no, > Ko,

[Fo (3 x) = FX(fs )l
2 Mexp(K |x| + K?c}/2) 1 fc,—1 2
< \/; (¢c,— 1)/no,— Ko, xp <——i_ < o, ~KU") )

n

holds for all x € .
Proof. (i) For v=0, 1,2 we have

== Y (i) g

|J—nxi>cy

Ton(¥) = R, o).

Thus we obtain with ¢; , := (j — nx)/no,
/17 r ‘7 - /e
IRv,n(x)l < ’\ ;’On — e 7 éj.n(§j+ l.n ™ CJ',H)'

§n>an

If € /2, then e #72¢* (v=0, 1,2) is decreasing and thus we can estimate
the sum by an integral.

By (1.6), we obtain for n > n,

IR, A ()l
—_
/2 * Aeatuthino, 5
<A/, 3 t* e dr
e
4 u=—1"(Cptn)/noy,
7 -0 » 2
= \/ ‘,‘, et dr

(c,~1)/ha,
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Now the assertions concerning r*, for v=0, 1,2 follow immediately by
using Lemma 2; the estimate for rj*, follows analoguously.

(ii) With the notations above we have

|EL (/3 X) = 5 (/s %)

M . ' j — nx)?
V21 1o, 1j—nxl >c, n 2n’g,
M \J2 S exp(Ko, g, + K 3] = E1/2) €rn— &)
§n>ay

2 KZ 2
<M \/—exp (K x|+ Tn )
/4 2

X exp (— —;— (t—Ko,)* ) dt.

“te,—1)/noy,

Now a similar estimate as in the proof of part (i) completes the proof.
To have an idea of the concrete order of magnitudes in Lemma 3 again we

exhibit the case (1.5) and choose
a,=a,:=(logn)'**c,  £>0, n>2, (1.5)
in (1.5). Using Lemma 2’ we obtain from Lemma 3

LEMMA 3’. (i) For x€ R and n > 8 we have

3 8 1
780 < =7 + \/—;—QTCXP(— a,/8)=:ay,

nZ
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13 logn 2log _
| < =gt + exp (—a%/8) =: B,

log n
2 n(‘x) _'i,_‘
n
81log”n 2logn/_ 2 _ ,
ST TN (a,. +a7") exp(—d,/8) =: 7y,
and
log*n

r¥x)=0 ( pr ) holds uniformly in x € R as n - .

(il) If the function f: R - R satisfies the growth condition (1.9), then
Sor all n > 8 with n/\/log n > 2K and for all x € R,

2 M Klx}+1/8
|Fu(f2) = FA(f3 ) < o) = ——

2. MAIN RESULTS

In this section we prove an explicit inequality for the approximation error
and we determine the saturation class for F, and F}. For a compact interval
I and a function f € C(I) we define the modulus of continuity by

w(f, 6,1) = Sup Vx)—fle), >0 2.1
lx | ~x3l <8

THEOREM 1. Suppose that the real function f is defined on I = |a,b).
a,bER, that a,,B,,7, are defined as in Lemma 3 and the integer ny(x) is
given by

Hy(x) :=min {nEN .En'i<min(x—a,b—-x)$ Jor x € (a, b).

(W) If fecCd), 0,>0, (c,— 1)/no,>+/2, and n>nyx), then for
X € (a,b)

\Fa(fs ) = fl <L)l e, + 200 + o) @(f VrEax), 1), (22)

where the asymptotic behaviour of r¥ (x) is given in Lemma 3(i).
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(i) Iff €cd), a,>0, (c,~1)/no,>/2, and n > ny(x), then for
X E (a,b)
[F¥(fsx) = f) <1 f) @y + 1 f'(x)] B,
+ Q2+ a,) Vi) ol(f, virf.(x). D). (2.3)

(iii)y 1ffec,(I) 0,~0,and a,,p,,y,=o0(c’) as n> o, then

im = (F13) — £) =25 06"
uniformly on any subset |c,d| I witha <c<d<b.

Proof. Parts (i) and (ii) are immediate consequences of Lemma 3(i)
above and Theorem 2.3 in [8]. For part (iii) we write the Taylor series
expansion of f at x

(t— )

SO =SG)+ (= x) f'(x) + ———f"(x) + (t = x)" (¢t = x),

where |n{#)| < ¢ if |h| < 4. Then we obtain
FX(f; %) — flx)
S (1) -r9) gt + o se0

1j—nxi<cy

I

=10 S ) + rf 00/ (x) + = rz 5n(X).S " (x)

+ v (L—x)zn (—i;——x) &jnlx)

—nxi<e, \7
02
=—21f"(x) + o(o})

by Lemma 3(i), the o-term being independent of x € [c, d].

Remarks. (i) It is obvious how to modify Theorem 1 in a local version.
Furthermore Lemma 3(ii) implies that (0.6)* remains true with F, in place
of F}¥ in the presence of the growth condition (1.9) (note that a, = 0(d})).

(i) Sufficient conditions for a,,8,,y, = o(cl) are

logn

[ 1
) and no, A /log = o(c,),

n

o, >
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provided o, — 0. This includes the classical Favard operators (o3 =4/2n)
and the optimal case.

The “Optimal” Case 0> =6%and a,=a
p n n h n

(iii) In this case we trivially have al,B.,7,=o(logn/n’) (see
Lemma 3/(i)) and (0.6)* reads

R )
fim o (FXU0) = () ="

. (0.6)'

(iv) The “leading™ terms in the explicit inequalities (2.2) and (2.3) are
given by the right most terms: that is, we have from (2.2) and (2.3)

U0 —swi<eo (1Y), @2y

and

Er0 - Swl<e, Yk (1 B )y
if f€C{) and f’' € C(I), respectively, and x € (a,b), c; are positive
constants.

(v) It is well known (e.g., |13, p. 18]) for general operators of type
(0.1) where { p;,(x)}%,. is the n-fold convolution of a probability distribution
with expectation x such as Bernstein polynomials and similar operators that
(f# 0 in a neighborhood of x)

Sr)nann S () oo

J lj—nx\<ep

provided c,/\/n— « as n— co. However, in our case p;, = g;, with 02 = ¢,
asymptotically “(log n)' ¢ terms” are sufficient. For practical purposes often
it is enough to choose, for instance, 6 = 1/2, 1, 2.

Next, we determine the saturation classes by the following saturation
theorem. For notation see |8]|.

THEOREM 2. Suppose that I =|a, b|, a, b€ R, f€ C{) and a,, B,, ¥,
(defined in Lemma 3) satisfy a,,B,, v,=o0(cl) as 6,~0. Then F¥ is
saturated on I, = [c,d], a < c < d < b, with order o1, the trivial class

T(F¥):={g€C(,)| g is linear on I}
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and saturation class
S(F¥)={g€eC(l,)]| g €Lip,())}

Proof. The proof follows along standard lines using a general saturation
theorem on linear positive operators |8, Theorem 5.3]. By Lemma 3(i) it
follows that

FX(' x)—x"

W o o v=0i1,

and

sup r¥,.(x) = 0(d}), n— 0.
xelR

Now because of (0.6)* Theorem 2 follows from Theorem 5.3 in [8].

Remark. Since in Theorem 5.3, [6], only asymptotic conditions are
involved, Theorem 2 carries over to F,, if (1.9) holds.
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